A new procedure was recently proposed for constructing massless Type IIB vertex operators in the pure spinor formalism. Instead of expressing these closed string vertex operators as left-right products of open string vertex operators, they were instead constructed from the complex N=2 d=10 superfield whose lowest real and imaginary components are the dilaton and Ramond-Ramond axion. These Type IIB vertex operators take a simple form in the -8 picture and are related to the usual vertex operators in the zero picture by acting with picture-raising operators. In this paper, we compute explicitly this picture-raising procedure and confirm this proposal in a flat background. Work is in progress on confirming this proposal in an AdS 5 × S 5 background. * lucas
Introduction
In 2000 a new formalism for superstring theory was proposed, namely the pure spinor formalism [1] . This new formalism has the advantage of being super Poincar covariant, solving various problems of previous formalism [2] [3] , such as the proof of vanishing theorems [4] , the action for the superstring in the presence of Ramond-Ramond flux [1] [5] [6] and the computation of certain multi-loop scattering amplitudes [7] .
Recently the pure spinor formalism was applied to the small radius limit of Type IIB superstrings in AdS 5 × S 5 [8] . It was argued that the Feynman diagrams of N = 4 d = 4 Super-Yang-Mills for large N can be reproduced by a given string amplitude prescription in the AdS 5 × S 5 background. A crucial ingredient for this amplitude prescription was a conjecture that a half-BPS vertex operator, in the "-8 picture", is given by
where A is a bosonic function that is completely determined by the dimension and R charge of the half-BPS state, the eight fermionic variables θ A are related to the eight supersymmetries that do not annihilate the half-BPS state, λ α L and λ α R are the left and right pure spinors, η αβ is the bi-spinor that sets the direction of the Ramond-Ramond flux, Q is the sum of the left and right-moving BRST operators, and α and β go from 1 to 16 and are the Majorana-Weyl spinorial indices for ten dimensions. The conjecture states that if we hit with an appropriate "picture raising" operator, we obtain the vertex operator in "zero picture" of the form V = λ α L λ β R A αβ , without delta-functions. In a subsequent paper [9] , this conjecture was extended to all Type IIB backgrounds including the flat background. Since the vertex operators for the flat background are known, this is a good place for a test of the conjecture which will be the content of this paper. Here, the "-8 picture" vertex operator for the whole supergravity multiplet in a flat background will be constructed and the "0 picture" vertex operator will be computed from this procedure of picture raising. The result obtained here is the expected one written in terms of a light-cone superfield whose lowest real and imaginary component are the dilaton and the Ramond-Ramond axion [9] . This superfield is known to describe light-cone Type IIB supergravity [10] .
For the case of the flat background, in coordinates where k + = k 9 +k 0 is the only non-zero component for the momentum, the "-8 picture" vertex operator is given by
where λ α L and λ β R are the Type IIB pure spinors, θ a + ≡ (γ + (θ L + iθ R )) a are the eight fermionic variables that span the light-cone supergravity multiplet, andΦ is the superfield of [10] . In [9] a reduced version of this vertex operator was proposed, where just the scalar states of the supergravity multiplet were included. Here we will generalize to the whole multiplet by covariatizing with respect to the supersymmetries (see equation (29) and (30)).
As suggested in [9] [8] , the zero picture operator can be obtained from the −8 picture by acting with eight picture-raising operators, which gives rise to the following equation for the zero picture vertex operator V
where Q(ξ (a) ) are the picture raising operators. The result obtained here will be that
This result agrees with what was expected in [9] , where there the vertex operator was computed directly by solving the equations of BRST invariance in a particular gauge characterized by the decoupling of half the fermionic variables.
Since this conjecture was confirmed here for the flat background, we can try to use it to obtain vertex operators for the AdS 5 × S 5 background. Up to now, the explicit vertex operators in the zero picture for the AdS 5 × S 5 background are unknown and this new procedure might be our best hope to obtain them. Work is in progress on obtaining the half-BPS vertex operators using this conjecture.
In section 2 we review the supergravity vertex operator for a flat background and fix notation, where in subsection 2.1 we solve the pure spinor constraint in a particular way that will be useful for later, and in subsection 2.2 we review the construction of the −8 picture vertex operator, and extend to the whole supermultiplet. In section 3 we compute the vertex operator in the 0 picture by acting with 8 picture raising operators on the -8 picture vertex operator, where in subsection 3.1 we work out some initial steps in the computation, and in subsection 3.2, we use the method of induction to finally compute the vertex operator in the 0 picture. In section 4 we conclude.
Review
In any type IIB supergravity background, a massless closed string vertex operator in unintegrated form in the pure spinor formalism can be written as [11] 
where α = 1 to 16 are the Weyl-Majorana SO (1, 9) indices. The coordinates (x, θ) ≡ (x m , θ α L , θ α R ), with m = 0 to 9, parametrize the Type IIB superspace. The pair of Weyl spinors (λ α L , λ α R ) are the left and right pure spinors, constrained to satisfy (λ L γ m λ L ) = (λ R γ m λ R ) = 0. The (γ m αβ , γ αβ m ) are the real symmetrical gamma matrices for SO (1, 9) . The on-shell equations of motion comes from QV = 0 and the gauge invariances comes
In the light-cone frame, where k + = k 0 + k 9 is the only nonzero component for the momentum, there is a convenient gauge fix characterized by the decoupling of half of the fermionic coordinates [9] . In this frame, the SO (1, 9) Weyl spinors χ α naturally decomposes into SO(8) light-cone spinors
where a,ȧ = 1 to 8 are the Weyl and anti-Weyl spinorial indices respective to the SO(8) light-cone indices. As we are going to see next, the fermionic coordinates that decouples are theθ˙a L andθ˙a R .
where m = 1 to 8 and σ m aȧ are the SO(8) real Pauli matrices. The supercovariant derivatives in SO(8) light-cone notation reduces to
which allow us to gauge fix A ab = Aȧ b = A aḃ = 0, getting the vertex operator
where BRST invariance implies
Note thatθ˙a L andθ˙a R decouples. Instead of solving these equations by brute force we are going to construct a -8 picture vertex operator. Hitting 8 picture raising operators gives the solution to the above equations.
It will be convenient for us to organize the SO(8) light-cone spinors as
The solution to the equations in (10) , in terms of the variables above, was obtained in [9] and is given by
where Φ(y, θ − ) being the superfield of [10] obeying the constraints
withΦ being the complex conjugate of Φ. The first and second constraint can be solved by Φ(y,
The third constraint is a reality condition that reduces the 2 8 complex components to 2 8 real components, the right number of components to describe the Type IIB supergravity multiplet. In what follows we are going to obtain the same vertex operator by the procedure proposed in [8] [9] which involves the picture raising of the −8 picture vertex operator.
Pure Spinor Constraints
The ten dimensional pure spinor constraints in terms of the variables λ a ± ,λ˙a ± are
Using the SO(8) Pauli matrices identity
together with the pure spinor constraints, we can write
With this formula above it is possible to solve the pure spinor constraint by expressing λ a − in terms of λ a + andλ˙a ± as follows
This means that if (λ +λ+ ) = 0 one can solve the pure spinor constraints by fixing
In other words, in the patch where (λ LλR ) = 0, a pure spinor can be parametrized by 8 components of λ a + , and 14 components ofλ˙a L andλ˙a R which are constrained to satisfy (λ LλL ) = (λ RλR ) = 0. Note that we have in total 22 components, the right number of components for a pair of pure spinors. It is important in what follows that all these 8 λ a + components are independent.
The -8 picture vertex operator
For the parametrization of the pure spinor space above, we can treat the system (w + a , λ a + ) as a free system. Note that this free system is not a conventional β-γ system. This is so because λ a + mixes holomorphic and antiholomorphic fields. Nonetheless, inspired by the Friedan-Martinec-Shenker bosonization formulas [2] [12]
we can postulate the existence of fields ξ (a) that satisfy ξ (a) δ(λ a + ) = (λ a + ) −1 . In fact it is possible to write a formal expression for ξ (a) in terms of λ a + :
Representing the delta function δ(λ a + ) in integral form
we can see that
as desired.
Insisting in this analogy with bosonization, the picture number might be defined as the conserved charge
This motivate the assignment of a picture number −1 for δ(λ a + ) and +1 for ξ (a) . In fact we can evaluate explicitly
where the contour C goes around δ(λ a + ). This is because the delta function restrict λ a + (z,z) to map the point where the δ(λ a + ) is inserted in the worldsheet to the point λ a + = 0, which implies that the contour in the worldsheet is mapped into a contour around λ a + = 0. Using both δ(λ a + ) and ξ (a) it is possible to construct two "BRST exact" operators given formally by
They will be called, respectively, the picture raising operator and picture lowering operator. Note that X (a) has picture +1 and Y (a) has picture -1, and both fields has zero conformal weight.
Theλ˙a ± components of the pure spinors are independent of λ a + , so they commute with ξ a and δ(λ a + ). However, the λ a − components does depend on λ a + through (20), implying
i.e. they are annihilated by all the 8 picture lowering operators. This simplify the computation of the BRST cohomology in the −8 picture.
A scalar state |A that is annihilated by the supercharges q a + andq˙a ± have as a -8 picture vertex operator
Acting with the q a − we can generate the full supergravity multiplet. The -8 picture massless vertex operator V −8 obtained by this super covariantization is
where Φ(y, θ − ) is the complex superfield satisfying the constraints of (15). We can easily verify that this vertex operator is BRST invariant and it has the right number of components to describe the Type IIB supergravity multiplet. Note that this vertex operator simplify if we write in terms of the complex conjugateΦ(ȳ, θ + )
In our conventions [∇ a + , ∇ b − ] = 4ik + δ ab . The powers of 4ik + are fixed by requiring that the first component of Φ(y, θ + ) is a complex field where the real part is the dilaton and the imaginary part is the Ramond-Ramond axion.
3 The zero picture vertex operator from the -8 picture
The zero picture vertex operator V can be obtained by hitting 8 picture raising operators
where Φ(y, θ − ) ≡ Φ(k + , θ − )e ik + y . By the nilpotence of the BRST charge and the BRST invariance of V −8 we can write
Each Q(ξ (a) ) split into two operators. One operator that absorbs one ∇ a + and another that adds a new one. This imply that each term produced by the action of all the 8 picture changing operators in V −8 will be given by a sequence of these two operators. Explicitly, at the n-th picture raising, the operators, denoted by d and u, will be:
It is convenient to represent diagrammatically these sequences of u and d as paths in a diagram constructed in such a way that the numbers of thetas, deltas and Q(ξ) can be read immediately. 
A path following the arrows correspond to a given sequence of u and d, and the terms V m n in the diagram correspond to an expression with m ∇ + at a given stage of a sequence that will contribute to the term with n ∇ + at the end, namely the V n n (this is related to the number of deltas). The arrows pointing down (up) represent the d (u) transformation. Note that our 0 picture vertex operator V will split into a sum of five terms V 0 0 + V 2 2 + V 4 4 + V 6 6 + V 8 8 , with 0, 2, 4, 6 and 8 ∇ + . Using our parametrization for the solution of the pure spinor constraints, the u operation reads
where the dependence in λ a + is explicit and terms that are non-singular at λ a + = 0 can be easily separated from terms with poles.
The V 0 0 term is easy to be obtained since it has a unique path d 8 . It is given by
The V 2 2 has 7 paths and can be obtained by looking at the path dud 6 that produces
Note that consistency requires that the 0 picture vertex operator V should have no poles in λ a + = 0. We are going to show in the next section that indeed all the poles cancel, but for now let us just drop them. Since this is the only path that has a chance of producing both ∇ 1 + and ∇ 2 + , without poles, by SO(8) symmetry we have
which agrees with [9] . It is instructive to see how each path contribute to various components of the above expression. 
Again, we drop the poles which will be treated in the next section. Proceeding with the last u we have
The d 6 u 2 path is the only one that produces a term with just two ∇ + of the form ∇ 8 + ∇ 7 + , so by SO(8) symmetry we have
In order to get rid of (λ LλR ) in the denominator we are going to need the following SO (8) identities: This two identities are related by triality, i.e. by rotating the indices i → a →ȧ → i.
The identity (44) implies that
and since (σ mλ L/R ) a (σ mλ L/R ) b = 0 due to the pure spinor constraint, and σ ij [ab σ ij cd] = 0, just the part proportional to (∇ +σ [ij ∇ + )(∇ +σ kl] ∇ + ) contribute. Now, using the identity (45) and that (λ L/RλL/R ) = 0 we have
so we can write
which again agrees with [9] .
Explicit cancellations for a few cases
Instead of going all the way with a given path, in order to appreciate the cancellations of poles, it will be more convenient to compute each term V m 2n of the diagram. Note that all the elements of the diagonal that contribute with V 0 0 does not contain poles of λ a + . The n-th term of this diagonal is given by
It is instructive to compute the term V 8 2 that is given by a unique path du.
It does not have poles. Now we can use V 8 2 and V 6 0 to compute V 7 2 , which will be the sum of the following terms
where the antisymmetrization of indices is of strength one. The sum of this two terms cancel the poles in λ 3 + and gives
With V 7 2 we can obtain V 8 4 by a unique arrow, the arrow u. Note that now there is no d arrow to cancel the the poles coming from the u arrow, so the poles in u should cancel by themselves.
Note that indeed the poles coming from u cancel by themselves. The terms with λ 4 + in the denominator cancels by the antisymmetry of 123 and symmetry of ij ↔ kl, which implies that there is an anti-symmetry of the form λ
The result is
Computation of general V m 2n
One can expect that these cancellations of poles will also occur in the computation of a generic V m 2n . In fact this can be proved. The statement we want to prove is the following: all the terms V m 2n of the diagram does not have poles in λ a + = 0 and it is given by
We can prove this statement by induction. Assuming that V m−1 2(n−1) and V m+1 2n are of this particular form then V m 2n will be given by the sum of the two paths
There is a cancellation between the first term coming from V m+1 2n and the whole expression coming from V m+1 2(n−1) . This cancellation involves some finite part together with all the poles in λ a + = 0. The result of this cancellation is precisely (55). For V 8 2n , the terms that are located at the top of the diagram, there is just contributions coming from the terms bellow, by the u arrow, so there will be no cancellation between different paths. Let us compute this case:
Since we have symmetry under i n j n ↔ i m j m and σ ij ab = −σ ij ba , V 8 2n is a sum of terms proportional to The only nonzero contribution is the one proportional to λ 2n+1 + . The terms proportional to λ a + with a lower than 1+2n will contain at least one (∇ a + ) 2 which is zero and for a greater than 1 + 2n it will be killed by the δ(λ a + ). The term that is left over is precisely the (55).
We proved that assuming the equation (55) is true for V m−1 2(n−1) and V m+1 2n , when the last exist, then (55) is also true for V m 2n . Since we already have shown that (55) hold for the first cases in the previous section the statement is now proved by induction.
Note that the presence of (λ LλR ) in the denominator can always disappears since there are products of (λ L σ ijλ R ) in the numerator. The SO (8) identities (44) and (45), together with the pure spinor constraint, can be used to get rid of (λ LλR ) in the denominator. After that, the 0 picture vertex operator will be given by the sum V = V 0 +V 1 +V 2 +V 3 +V 4 , where V n is given by
which is the same vertex operator of [9] .
Conclusion
We have obtained a Type IIB vertex operator for the supergravity multiplet in terms of a light-cone complex superfield Φ(y, θ − ) of [10] [13] by following this new procedure proposed in [8] [9] . We also found that the Type IIB massless vertex operators in the -8 picture takes a simple form
It might be interesting to search for an amplitude prescription that works directly with this -8 picture vertex operators. Work is in progress to obtain such an amplitude prescription for both the flat background and the AdS 5 × S 5 background.
The computation of the zero picture vertex operator by picture raising the -8 picture vertex operator is more intricate in the AdS 5 × S 5 because of the P SU(2, 2|4) algebra. The -8 picture vertex operator for half-BPS state was constructed in [9] [8] and work is in progress to obtain the zero picture vertex operator from it.
For the Type IIA vertex operator, we can easily adapt what was done here by applying T duality along some direction, breaking the SO(8) covariance. This will only change the definition of the variables θ a ± , λ a ± andλ˙a ± , but will maintain the formulas of V −8 and V the same as before.
